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1. Introduction

The concept of rainbow connection was introduced by Chartrand et al. [1-3] For an arbitrary nontrivial
connected graph G = (V,E) and some positive integer k, define a: E(G) = {1,2,...,k} as an edge-
coloring of G, where the adjacent edges can be colored the same. Let u and v be two vertices in G. A
(u, v)-path in G is called a rainbow (u, v)-path if all edges are colored differently. Graph G is rainbow
connected if for every two vertices u,v € V(G), there exists a rainbow (u,v)-path. In this case, the
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coloring a is a rainbow coloring. If a is a rainbow coloring with k colors, then a is a rainbow k-
coloring. The rainbow connection number rc(G) is the smallest k such that G has a rainbow k-
coloring. Next, graph G is strongly rainbow connected if for every two vertices u, v € V(G), there exists
a rainbow (u, v)-geodesic path. In this case, the coloring f3 is a strong rainbow coloring. If 8 is a strong
rainbow coloring with k colors, then 3 is a strong rainbow k-coloring. The strong rainbow connection
number src(G) is the smallest k such that G has a strong rainbow k-coloring.

Some previous results related to the strong rainbow and rainbow connection numbers of graph
are listed as follows. Chartrand et.al. determined the rainbow connection number of some classes of
graphs, such as complete graph, tree, cycle, and wheels. Futhermore, some result of rainbow
connection numbers for certain classes of graphs have been obtained, such as triangle-net graph, fan
and sun, forest, Cy 0 P, and C,, 0 C,, triangular snake graph, comb product of graph [4-9]. There are
several development obtained such as strong rainbow connection number for some certain graphs [10-
11], the rainbow vertex connection [12-14], rainbow disconnection number [15], rainbow vertex-
disconnection [16], rainbow k-connectivity [17-18], rainbow antistrong connection [19], rainbow
antimagic [20-26], rainbow for spanning tree [27-29], k-rainbow cycle [30], rainbow path in graph[31-
32], and 3-Rainbow index [33-34].

A communication network’s security measures make use of the rainbow connection number in
significant ways. One method for ensuring that any two users of a communication network can
communicate securely is to assign unique passwords to each path that connects them (which may
involve other users acting as intermediaries) to prevent password repetition. Naturally, it was believed
that we would use the fewest feasible passwords. The rainbow connection number represents the bare
minimum of these passwords [9,35]. Other applications for rainbow connection numbers are displayed
across nine Toronto neighborhoods, analysis of student metacognition skills, and complexity of
rainbow coloring problem [36-38].

Constructed the snowflake graph and the generalized snowflake graph, denoted by Snow and
Snow(n, a, b, ¢), respectively [39]. Generalized snow graph is a snow graph with n paths of steam, a
pair of outer leaves, b middle circle, and c pair of inner leaves. In this paper we determine the rainbow
connection number for generalized snowflake graph Snow(n, a, b, c).

2. Preliminary Notes

As for alternative lower bounds instead of those involving the diameter, Lin Chen et al. [8] note that
for any total rainbow connected colouring of G, the colours of the bridges must be pairwise distinct.
Similar observations hold for rainbow connected and rainbow vertex-connected colourings, where the
colours of the bridges must be pairwise distinct. Hence, the following result holds.

Proposition 2.1. [1], [8] Let G be a connected graph. Suppose that B is the set of all bridges. Then
IB| < rc(G) < src(Q).

Since every coloring that assigns distinct colors to the edges of a connected graph is both a
rainbow coloring and a strong rainbow coloring, every connected graph is rainbow-connected and
strongly rainbow-connected with respect to some coloring of the edges of G. Thus the rainbow
connection numbers rc(G) and src(G) are defined for every connected graph G.

Proposition 2.2. [1], [33] If G is a nontrivial connected graph of size m whose diameter (the largest
distance between two vertices of G) denoted by diam(G). Then,
diam(G) < rc(G) < src(G) < m.

The definition of a snowflake graph is taken from [10]. a graph obtained by resembling one of
the snowflake shapes into vertices and edges so that it forms a simple graph. The generalized snowflake

http://www.eksakta.ppj.unp.ac.id/index.php/eksakta


http://www.eksakta.ppj.unp.ac.id/index.php/eksakta

Eksakta : Berkala llmiah Bidang MIPA ISSN : 1411 3724 21

graph is defined and the theorem related to the rainbow connected number of the snowflake graph is
given. Stem is a path whose n-2 vertices have degrees greater than two. Inner leaves are pair of vertices
have degrees one and adjacent to a vertex that is on the outside of the circle. Middle circle is a cycle
subgraph on middle snow graph. Outer leaves are pair of vertices have degrees one and adjacent to a
vertex that is on the inside of the circle.

Definition 2.3. [33] A generalized snowflake graph, denoted by Snow(n,a, b, c), is a graph with n
paths of the stem, a pair of inner leaves, b middle circle, and c pairs of outer leaves as shown in Figure
1. The sets of vertices and edges of Snow(n, a, b, ¢) are defined as follows.
V(Snow) = {vo} U {vij, Xi1 ¥ir Zisli € [1,n],j €[L,a+ b+ 1],k € [1,b],r € [1,2¢],s € [1,2a]}
E(SHOW) = {VO, Vi'1|i € [1, 1’1]} U {Vi,jvi,j+1|i € [1, n];j € [1,a +b+ C]} U {Vi,jzi,Zj—llvi,jZi,Zjli € [1,1’1];
j € [1,a]} U {Vi;Xij-a V(i+1)(mod n),jXij-all € [1,n];] € [a+ 1,b]} U {vj;z;2j-2ca+b)-1
Vi,jZi,Zj—Z(a+b)|i € [1, n];j S [a +b+ 1,a +b+ C]}

V2 c-1

Yoc3

Vi la+b+1
(el elNe]
V1 atbrct1 Vilatbc-1

Y1 61

Y103

Vv \ \
n,a+b+c+.1\ Ynea

yn,c-1
Figure 1. Snow(n,a, b, c) graph
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3. Results and Discussion

In this section we determine the rainbow connection number of generalized snowflake graph for
Snow(n, a,b, c),. To determine such rainbow connected number, we obtain a lemma related to the
lower bounds of the rainbow connected number on a graph that contains bridge.

Lemma 3.1. Let Snow(n, a, b, ¢) be a graph in Definition 2.3, B(Snow(n, a, b, ¢)) is the set of all bridges
in Snow(n, a,b,c). Then
|B(Snow(n,a, b,c))| =n(2a+ 3c+ 1).

Proof. Let B = B(Snow(n, a, b, ¢)). We can check easily that the set B = {v;;Vjj_1, VijVizjli [1,n];j €
[1,a]} U {Vi;Viz(-a+b)-1, VijViz(-a+byli € [Ln];j € [a+ b+ 1,a+ b+ c]} U {vjvijq]i € [1,6];5 €
[a+b,a+ b+ c]} are bridges. Therefore, |B| = n(2a + 3c + 1).

(Q.E.D)

Theorem 3.2. Let Snow(n,a,b, c) be a graph in Definition 2.3. Let n,a,b,cE Nandn > 3. Ifb <
(3c—=1)(n—1) + a, then
rc(Snow(n,a, b,c)) = n(2a+ 3c + 1).

Proof. From Proposition 2.1 and Lemma 3.1, we have that:
rc(Snow) = |B(Snow(n,a,b,c))| = n(2a+ 3c+ 1).

Next, define an edge-coloring a: E(Snow(n, a, b, c)) — [1,n(2a + 3c + 1)] as follows.

a(ve,vip) = 2c((i+1)(modn)—1)+1 ; i€[1,n]
2c(A+1)(modn)—1)+2j+1 ; i€[l,n],je[l,a—1].
2¢((i — 2)(mod n)) + 2j ; i€[L,n];i#2,j€[a2a—1].
2j ; i=2,j€[a2a—1].
2an + 2¢((i+ k)(mod n) — 1) ; k€[1L,n—1};i€[1,n],
a(vij,Vij41) =4 Ti—2a+3 j€[2a+ (2c—2)(k—1),2a+ (2c— 2)(k) — 1].
2nla+ o)+ (c+1)(I+1) ; KeE[L,n—=1];i€[1,n;s=2a+ (2c—2)(n—1),
(modn)—1) +j—s+1 jE[s+(c+1Dk—1),s+(c+1)(k)—1<a+b]
2nla+ o)+ (c+1)E-1)+ ; i€[L,n],jE[a+ba+b+c].
j—(@+b)+1
2an+ 2c(i—1)+1 ; i€[1,n],jE[1,bl k=i
a(Xij Vij+a) =12an+ 2c(i—1) + 2 ; i€[1,n],je[1,bk=i+1.
. : . . 2(@+b)+]j
a(yijVvis) = 2an+2c(i—-1)+]j ; 1€[1,n],j€E[12c],s= lfj'
a(zi'j’vi,léj) 2a(i—1) +j ; 1€[1,n],j €[1,2a].

Next, we will show that there is a rainbow (u,v)-path for every two vertices u and v in Snow(n, a, b, c).
Consider the following cases.
1. If uis adjacent to v, then the rainbow (u,v)-path is the edge uv.
2. If d(u,v) = 2, then the rainbow (u,v)-path is the path with length 2.
3. Letu=vy.
a) If v=v;;, for i€[1,n] and j€[l,a+b+ 1], then the rainbow (uv)path is
u, Vi1, Viz,..-, V.

http://www.eksakta.ppj.unp.ac.id/index.php/eksakta


http://www.eksakta.ppj.unp.ac.id/index.php/eksakta

Eksakta : Berkala llmiah Bidang MIPA ISSN : 1411 3724 23

b)

c)

d)
€)

If v=z; , for i€[1,n] and j€{24,...,2a} , then the rainbow (uv)-path is

u, Vi,lrvi,Zr---'Vii'V-
2

If v=2z,;, for i€[1,n] and j€{1,3,...,2a— 1}, then the rainbow (uv)path is
J

W, V(i+1)(modn),1» V(i+1)(modn),2, - - » V(i+1)(modn),a+1, Xi,1» Via+1, Viar - -+, V;j+1, V.
72

if v=x;;, fori € [1,n] and j € [1,b], then the rainbow (u,v)-path is u,v; 1, V2, ..., Viasj, V.
If v =y, fori € [1,n] and j € [1,2c], then the rainbow (u,v)-path is u, vy, Vi3, ...,

vI,a+b+[j+71J’ v.

4. Letu = vj;.

a)
b)

c)

d)

f)

9)

h)

)
K)

1)

If v =vjy, fori € [1,n],j,k € [1,a+ b + c+ 1], and j <k, then the rainbow (u,v)-path is
W, Vij+1, Vij+2,--+, V.

If v =vjy, fori € [1,n],j,k € [1,a+ b+ c+ 1], and j > k, then the rainbow (u,v)-path is
U, Vjj—1,Vij—2,-+-» V.

If v= vy, for Lk € [1,n],j,l € [1,a+ b+ c+ 1], then the rainbow (u,v)-path is u, vyj_4,
Vi,j—Zl <, Vo, Vk,l; Vk,2: V.

Ifv =z, fori € [1,n],j € [1,a],j < |51, and 1 € [1,2a] , then the rainbow (,v)-path is

u, Vi,j+1' Vi,j+21 iany Vll+_1J, V.
2

Ifv=12, fori€[1,n],j€[1,a],]j ll+71J’ and | € [1,2a], then the rainbow (u,v)-path is u,

Vij—1rVij—2s -+ V141, V.

122y
If v = Z(i41)(modn), fori € [1,n], j € [1,a], and | € [1,2a] , then the rainbow (u,v)-path is

W, Vij+1, Vij+2, - - +» Via+1,Xi,1, V(i+1)(modn),a+1, V(i+1)(modn),ar - - - V(i+1)(modn) L) V.
L2
Ifv=1z, for Lke[1,n];i#k; k#i+1,j€[la], and |1 € [1,2a], then the rainbow

(u,v)-path is u, vij_1,Vij—_2,.--, Vo, Vi1, Vig2) - - - 141, V.

v
"k
If v =xy, for Lk € [1,n], j € [1,a], and | € [1,b] , then the rainbow (u,)-path u, vy;_4,

Vi,j—2s-+-» V0, V(k—=1)(modn),1» V(k—1)(modn),2: - - -» V(k—1)(modn),l +a, V-
If v =y, fori € [1,n], j € [1,a], and k € [1,2¢] , then the rainbow (u,v)-path is u, vyj1,

Vij+2s-++» V. 1+2a+2b+1, V.
Rzt

Ifv=yy,, for Lk € [1,n],i #k, j € [1,a], and ] € [1,2c], then the rainbow (u,v)-path is u,

Vij-1,Vij-2,---2 V0, Vk, 1, Vk,2/ - - -» Vk ll+2a+2b+1J, V.
’ 2

If v=xx, fori € [1,n],j€[a+1,a+Db], k€ [1Db],j+a<k, then the rainbow (u,v)-
pathis U, Viji1, Vijez, -+, Vi V
If v=xx, fori € [1,n],j€[a+1,a+Db], k€ [1,b],j+a>k, then the rainbow (u,v)-
pathis u,vjj_1,Vij_2,..., Vi, V

m) Ifv =xy,, fori,k € [1,n],i #k,j € [a+ 1,a+Db],1 € [1,b],j <Kk, then the rainbow (u,v)-

n)
0)

path is U, Vij4+1, Vij+2, -+ Vil+ar Xil V(i+1)(modn),l+a X(i+1) (modn),ls - - -» Vi 1+a V
Ifv=xg,forik € [1,n],i# k,j€[a+1,a+Db],] € [1,b],j> Kk, then the rainbow (u,v)-
path is u, Vij—1, Vij—2, -, Vil+ar Xil, V(i+1)(modn),l+a X(i+1) (modn),ls - - -» Vi 1+a V

Ifv=yx, fori € [1,n],j€[a+1a+b],k€[12c], then the rainbow (u,v)-path is u,

Vi,j+1; Vi,j+2! . Vi,lk+2a;rzb+1j+1, \%
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Ifv=yy, forLk€[1,n],i #k,j€[a+1,a+b], k €[1,2c], then the rainbow (u,v)-path
p :

s u, VIj+1' VIj+2s = VLa+b» XLb+1s V(i+1)(modn),a+bs X(i+1)(modn),b+1, -=+» Vk,a+bs Vka+b+1

V.
k I_l+za+2b+lj+1’

q) Ifv=vy, forLke[L,n],i#k,jl€[a+b+1a+b+c+1], then the rainbow (u,v)-
path is U, Vij_1, Vij—2, «) Viasbs X(i-1)(modn),b» V(i—1)(modn),a+b» X(i=2)(modn),b»+++» Vk,a+bs
Vka+b+1,++» V.

N Ifv=yj,forie[l,n],jela+b+1l,a+b+c+1],1€[12c],andj< [MJ then
the rainbow (u,v)-path is u, i1, Vijs2,- .-, v rzarzck, V
’ 2
s) Ifv=y, forie[l,n],jeE[a+b+1,a+b+c+1],1€[1,2c],andj> [MJ, then

the rainbow (u,v)-path is u, vij_1, Vij_2,. .., Vi rzatactt, V
’ 2

t) Ifv=yy, forLke[l,n],i#k,jela+b+1,a+b+c+1], and1€ [1,2c], then the
rainbow (u,v)-path is U, vij_1, Vij—2, -s Via+bs X(i=1)(modn),bs V(i—1) (modn),a+b» X(i-2) (modn), b’

~Vkatbs Vkatb+1r -+ V) I2atzcts, V.
’ 2

5. Letu = z;
a) Ifv=vy, fori€[1,n],je€[12a],and]l € {a+1,a+b+c+ 1}, then the rainbow (u,v)-

athis u, v, j+1,V. j e, V
PR e

b) If v = V(i+1)(modn)1, for i € [1,n], j€[1,2a], and 1€ [a+3,a+b+c+ 1], then the
rainbow (u,v)-path is u, v, 2 Vi 2] o Viar2s X1z Vs ) (modn)at2, V(i+ 1) (modm)a+3:
L2 L2
oo, V.
C) If V.= Vi1)(modn)), for i € [1,n], j € [1,2a], and 1 € [a+ 1,a+ 2], then the rainbow

(u,v)-path is u, Vi’lj+71J, Vi,lj+71J+1' .

d) Ifv=vy, forLke[l,n],i#k k=#i+1,j€[1,2a],andl € [a+ 1,a+b+c+1], then
the rainbow (u,v)-path is u, VI lﬁl, VI Ij+711+1’ «++» VI,a+1, X115 V(i+1) (modn),a+1> X(i+1) (modn),1,
12 L2

y Vil Xjl-a V.

- Vka+1,Vka+2, -+ V.
e) If v=x;, for i€[1,n], je[1,2a], and 1 €[1,b] , then the rainbow (u,v)-path is

u, Vi lj+_1J, Vi [j+_1j+1, ey Vilta V.
2 L2
f) Ifv=xy, forike [1, n|,k <i,j€[1,2a], and1 € [1,b], then the rainbow (u,v)-path is
u, Vi,[j+1j [1+1J 1+ Vil+ar Xil V(i+1) (modn) 1+a X(i+1) (modn) I - - - Vi 1+as V-

g) If v=z,, for i€ [1, n], j1€[1,2a], and j<1, then the rainbow (u,v)-path is

UV j+1, V. j+1 S5V, 141, V.
L e Ty

h) If v=2z;,, for i€ [1 n], j,l €[1,2a], and j>1, then the rainbow (u,v)-path is

WV, j+1,V, j+1 . V 1+1,,
Vi Vi Vil v

1) Ifv = Zg11)(modn), fori € [1,n], 1€ [1,2a],j € {1,3,2a — 1}, and j <], then the rainbow

(u,v)-path is v, *2ygp 7o Viat D Xit VGi+1) modn)a+ts Vit 1) modnyar o Vi 141, V-
L2

) Ifv=2Z¢i11modm 1, fori € [1,n],1 € [1,2a], ] € {2,4,6}, and j > 1, then the rainbow (u,v)-
J (i+1)(modn),

pathis u,v, it

' J,Vi’lj+71]_1;----:VO’V(i+1)(modn),1rV(i+1)(modn),2;' . (1+1)(m0dn) l”—lj

http://www.eksakta.ppj.unp.ac.id/index.php/eksakta
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6.

7.

K) If v = Zi_1)(modn),, fori € [1,n], 1 € [1,2a], j € {2,4,6}, and j < ], then the rainbow (u,v)-
path is u, Vi,[”TlJ'Vi,[j*TlJ-f -+ V0, V(i-1)(modn), 1> V(i-1)(modn),2>+* > V(i_1y(modn), [l“J v

I) Ifv=2Zgii1)(modn)), fori € [1,n], 1 € [1,2a],j € {2,4,6}, and j > |, then the rainbow (u,v)-

pathis u, v, j+1 v,

ity 1'+_1]+1J -+ Via+1,X(i-1)(modn),1» V(i-1)(modn),a+1, V(i—1)(modn),as - -

L

V(i-1)(modn), 12y v

M) If v = Z¢_1y(modn), fori € [1,n],1 € [1,2a], ] € {2,4,6}, and j > 1, then the rainbow (u,v)-
path is u, Vi'lj-l-le \A l’“J v Vo Vi-1)modn),1» V(i-1)(modn),2> -+ -+ V(i_1) modn), lH—lJ

n) If v=z, for ik € [1,n], k# {i — 1(modn),i + 1(modn)}, and i,j € [1,2a] , then the

rainbow (u,v)-path is u, v, lﬁj lﬂj oo Vo Vi Vigas ) k[“lj

0) If v=y;, for i € [1,n], j€[1,2a], and 1 € [1,2c] , then the rainbow (u,v)-path is

Vv, j V. j 'S v
e e I R L ae I

p) Ifv=yy,, forik € [1,n],k #1,j€[12a], and ]l € [1,2c] , then the rainbow (u,v)-path is
uv. l1+1J V’[1+1J+1 -+ Vi,a+bs Xibs V(i+1)(modn),a+bs X(i+1)(modn),bs - - -» Vk,a+bs Vka+b+1» -+

\Y% V.
k,[l+2a;2b+1j+1

Letu= Xij-

a) Ifvy).fori k€ [1,n],j€[1,b],andl € [a+ Db+ 1,a+b + c], then the rainbow (u,v)-path
18 W, V(i+1)(modn),j+ar X(i+1)(modn),j» V(i+2)(modn) j+a» X(i+2)(modn)j»- - - » Vkj+ar Vicj+a+1s -+ -» V-

b) Ifv=xy, forik €[1,n],i#k,jl€[a+1,a+b],andj+a <Kk, then the rainbow (u,v)-
path i$ U, V(i+1)(modn),j+1+a V(i+1)(modn)j+2+as - - -» V(i+1)(modn)l+ar X(i+1) (modn),l»
V(i+2)(modn),l+as X(i+2)(modn),ls - +» Vi 1+a, V

c) Ifv=xy),forik€[1,n],i#k,jl€[a+1,a+b],andj+a> Kk, then the rainbow (u,v)-
path is W, V(i41)(modn),j-1+as V(i+1)(modn),j—2+as - - -» V(i+1)(modn),l+a X(i+1) (modn),l>
V(i+2)(modn),l+a» X(i+2)(modn),l - - - » Vk,1+ar V

d) If v=xy;, for Lke[l,n],i#k,j€[a+1a+b], and 1€ {1,3,..,2a — 1}, then the
rainbow (u,v)-path is U, V(i—1)(modn) j+ar X(i-1)(modn),j» V(i-2) (modn),j+a» X(i—2) (modn),j»

- Vkj+arVkj+a+1s - k l]+2a+2b+1J+1 V.

e) Ifv=xy, forik€[1,n],i#k,je[a+1a+b], and]l € {2,4,...,2a}, then the rainbow
(u,v)-path is U, V(i41)(modn),j+ar X(i+1)(modn),j» V(i+2)(modn),j+a» X(i+2)(modn),js - - -» Vk j+a>

Vki e, vV V.
Kj+a+1--+» k,|_1+2a;2b+lj+1'

Letu = Vij-
a) Ifv=y;, forie[Ln],j€E[a+b+1,a+b+c+1],1€[12c], and j <1, then the
rainbow (u,v)-path is u, v, r2ataci

’ 2

lj+2a+2c+1 V. l+2a+2c+1,, V

v
pViratacty eV lrzatzert,
b) If v=y;, forie[l,n],je[a+b+1,a+b+c+1],1€[12c], and j> 1., then the
rainbow (u,v)-path is u, v, rzataci
’ 2

V.. e, V, v
J' 1,l]+2::142—2c+1j_'_1, ) Lll+2a;26+1jl

C) Ifv=yy,, fori,k€[1,n],i#k, andjl€ [a+b+1,a+Db+c+1], then the rainbow
(u,v)-path is u, v, i+2atacH, \A [H2at2CHL sy Via+bs X(i-1)(modn),bs V(i-1)(modn),a+bs
’ 2 ’ 2

X(i-2)(modn),bs -+ +» Vka+bs Vka+b+1s-++» Ve |+2a+2ct V.
’ 2
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Since every vertex from V(Snow(n, a, b, ¢)) have rainbow-edge path, so we conclude that
rc(Snow(n,a, b,c)) < n(2a+ 3c+1).

By combining upper bound and lower bound we have
rc(Snow(n,a,b,c)) =n(2a+ 3c+ 1).
(Q.E.D)

Example 3.3. Snowflake graph, donate by Snow, is a graph with 6 paths of the stem, 1 pair of inner
leaves, 2 middle circle, and 2 pairs of outer leaves. Such that Snow = Snow(6,1,2,2). Then
rv(Snow) = 54

Proof. By Theorem 3.2, sinceb=2< (3c—1)(n—1)+1=(3(2)—-1)(6—1) +1 = 26, then we
have rv(Snow(6,1,2,2)) = n(2a+ 3c + 1) = 6(2(1) + 3(2) + 1) = 54. Therefore,

rv(Snow) = 54.
In Figure 2 we show the edges coloring of the snow graph.

Vo g Yoa Yoo Y31 Y33

6.6 Y63 6,1 Y52 Y54 V5.6

Figure 2. A Rainbow 54-coloring of a snowflake graph
(Q.E.D)

http://www.eksakta.ppj.unp.ac.id/index.php/eksakta
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4. Conclusion

In this paper, we have found rc(Snow(n, a,b, c)) = n(2a + 3c + 1) proved in Theorem 3.2 and gave
example for rc(snow) = 54 in Example 3.3. However, it is interesting to find other measures of these
graphs such as edge metric dimension, total metric dimension, partition dimension, strong rainbow
connection number, rainbow edge connection number, and chromatic locating number of this graph.
In addition, it is worth considering that there are many other graphs that could be formed based on
various snowflakes shapes other than the shape we define in this paper.

On the result obtained in this papes, the generalization of rainbow connection number value is
based on the assumption of the number of middle circle b, that is determined by the number of outer
leaves ¢ and the number of path a. We assume that if there are (3c-1)(n-1)+t middle circle, then the
rainbow connection number value is rc(G)+t. The upper bound of this condition could be proven by
coloring every 4-degree vertices on t newly added midddle circle. This problem is still an open problem
since the proof is not found yet.
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